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Semirings

Semirings (First notion in 1934)

A is an algebraic structure (S, +,") such that (S, +)

NOTE ON A SIMPLE TYPE OF ALGEBRA IN WHICH and (S') are semigroups and

THE CANCELLATION LAW OF ADDITION
DOES NOT HOLD
a-(b+c)=a-b+a-c,

BY H. S. VANDIVER
a+b)-c=a-c+b-c
1. Introduction. I do not imagine that the algebraic system ( )
considered in this note can be new, but if it has been overlooked
this has probably happened because of its simplicity. However,
we shall be most interested here in examining the connection of for all %) b’ c ES.
the system with the foundations of ordinary algebra. As we shall
see, the symbols employed have most of the properties of ra-

tional integers, the principal exceptions being that they are

finite in number and from Example 1. (N, +,-) and (N, max, min) are semirings.
a+b=a+c¢

we cannot infer b=c¢ in general *

2. The structure (S, +,:) such that (S, +) and (S,-) are left
2. Description of the System. Suppose we introduce the natural . . i . ..
numbers 1, 2, 3, - - - , employing for their use Peano’s system zero and rlght Zero semigroups, respectlvely IS @ semiring.

* In a system in which we may always infer b=¢ under the condition given
we shall say the cancellation law holds.
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Introduction

Let (S,+,.) be a semiring.

A semiring (S,+,.) is called if (S,+) is commutative.
An element 0 € S is called an if0+x=x=x+0forallx €8.
An element 0 € S is called a ifOx =0 =x0forall x €8S.

If 0 € S is both an additive zero and a multiplicative zero the it is called an
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Introduction

additive zero and multiplicative zero may not coincide.

Example: [M. R . & A. Adhikari; 2014] Consider the semiring (N, +,-) where N, is the
set of all nonnegative integers, - is the usual multiplication and + is defined by

Icm(a, b) , a+0andb %0
0, otherwise

a+b={

Now, the additive zero is 1 and the multiplicative zero is 0.

Mahima Ranjan Adhikari
Avishek Adhikari

1 Basic Modern

Algebra with
Applications

—~— e —_
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Semirings and weighted automata

Finite Automata (FA): A = (Q,T,I,F)

Q — finite set of states
T € Q X A X Q -set of transitions
I,F C Q — sets of initial resp. final states

A — an alphabet (a set of letters)

w=aqa, € A" is accepted/recognized by A <

Aty,, 8, €T, t; = (qi-1,21,9:),90o € I and q, € F
L(A) = {w € A" | A accepts w}

e.q. A (ﬁ

a b
A={ab) —)& >(s) >(t)—>
Q={rst)

I ={r} b
F={t}

L(A) = {w € A" | w ends with ab}

Handbook

of Weighted
Automata
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S — semiring, A — alphabet
Q — finite set of states
wt:Q X A X Q - S —weight function

in,out: Q — S determine the weight/cost for entering
resp., leaving A in state q

Path: P=qy—>q1 - = qun-1 > qn

weight(P) = in(qq) - wt(ty) - ...- wt(t,,) - out(q,,)
where t; = (q;-1,a;, q;)

| All:A* > S behavior of A

Il Al (W) = Z weight(P)
P path for w

M. Droste, W. Kuich, H. Vogler (eds.), Handbook of Weighted Automata, Monographs in
Theoretical Computer Science. An EATCS Series, Springer-Verlag Berlin Heidelberg 2009
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Example: Finite Automata: A = (Q,T, I, F) over alphabet A
1) Let S = (B,V,A) with B = {0,1} be the Boolean semiring.
Define a WFA A’ = (Q, wt, in, out) as follows:

wt(p,a,q) = {1' a@) €T ing) = {1, 1G] and outg) = {1, e

0, q&l’ 0, q¢

0, otherwise
Then A' is a WFA over A and S and

VWEA: A | (W) =1 we L(A)
a,b b
_ —0 0> &
s TGO S mha
SH/L @ (2 ¢T
| A" || (aba) = (in(r) A Wt((r, a, r)) A Wt((r, b, r)) A wt((r, a, r)) A out(r)) \Y,

(in(r) Awt((r,a, 7)) Awt((r,b,7)) Awt((r,a,5)) A out(s))
=(1AIALIATIAO0V((AALIALIALIAOD)=0

A
(o ¥ v 2ar Sy
N
7 3% s

| A" || (abb) = (in(r) A wt((r, a, r)) A wt((r, b, r)) A wt((r, b, r)) A out(r)) Y,
(in(r) A Wt((r, a, r)) A Wt((r, b, r)) A Wt((r, b, s)) A out(s)) \Y;

(in(r) Awt((r, a, r)) Awt((r, b, s)) /\wt((s, b, t)) /\out(t))
=(IAIAIALIAOV(AALIATIALIAOYV (IA1TATIATIATL)=1
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Semirings and weighted automata

Example: Finite Automata: A = (Q,T, I, F) over alphabet A
1) Let S = (Ny, +,-) the semiring of nonnegative integers.
Define a WFA A’ = (Q, wt, in, out) as follows:

1, (paqeT . 1, q€l
wt(p,a,q)={0 e S m(q)={0 vg and out(q)={0 gl

1, g€l

otherwise
Then A' is a WFA over A and S and

)

vwe A" | A || (w) = #(successful runs for w in A)

a,b b
e.g. FA: A —% —> 00—
b

I A" Il (aba) = (ln(r) wt((r,a, 1)) - wt((r,b,7)) - wt((r,a,1)) - out(r)) +

(m(r) wt((r,a, 7)) - wt((r, b,7)) - wt((r,a,s)) - out(s))
1-1-1-1-00+(1-1-1-1-1) =1

I A’ Il (abb) = ( n(r) - wt((r,a,r)) - wt((r,b,7)) - wt((r, b,7)) - out(r)) +
(m(r) Wt((r a, r)) Wt((r b, r)) wt((r b, s)) out(s)) +

in(r) -Wt((r, a, r)) . Wt((r, b, s)) -Wt((s, b, t)) . out(t))
=(1-1-1-1-0)+(@-1-1-1- 1)+ 1-1:1-1-1) =2
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Let (S,+,.) be a semiringand @ + A C S.
| ddeals | definitons

Left ideal
Right ideal
|deal
Quasi-ideal
Bi-ideal

Interior ideal

A+ACcCAandSAC A
A+AcSAand ASC A
A+ACASAcAand ASC A
A+ACAandSANASC A
A+ACcAAA S Aand ASAC A
A+AcCAAA S Aand SAS S A
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Let (S,+,.) be an additively commutative semiringand ¢ + A C S.

A={x€S|x+acAforsomea € A}

k-left ideal A+ACAandSAc A

k-right ideal A+ACAand ASC A

k-ideal A+ACASAcAandASCc A -
k-quasi-ideal A+ACAandSANASC A

k-bi-ideal A+ACAAAC Aand ASAC A

k-interior ideal A+AC A AACS Aand SASC A



k-ideals [Henriksen;1958]
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What is an k-ideal ?

How important is k-ideals ? What does “k” mean ?

542-183. Melvin Henriksen: Ideals in semirings with commutative addition.

Let S denote a semiring in the sense of the preceeding abstract. An ideal

I1of Sis a nonempty subset I of S such that a, b& I, and x € S imply that

a + b, xa, and ax are in I. | A k-ideal I of S is an ideal of S such that x,x + 1
— A subset I of S is the kernel of a homomorphism iff I is a

1} A ring without an identity element may contain ideals in the above
sense that are not ideals in the ring-theoretic sense. The k-ideals of S
(partially ordered by set inclusion) form a modular lattice, while (as is known)
the lattice of ideals of S need not be modular, If S(-) has an identity element,
then every proper k-ideal of S is contained in a maximal (proper) k-ideal. For
background, see S. Bourne, (Proc. Nat. Acad. Sci. U. S. A. vol. 42 (1956) pp.
632-638). (Received December 13, 1957.)

S, T — semirings with absorbing zero
A function ¢: S — T is called a if

f(a+b) = f(a) + f(b) and f(ab) = f(a)f(b)
foralla,b € S

kerp ={a €S| ¢(a) =07}

(S, +,-)-a additively comm. semiring

= A I of S is an ideal of S such that
x,x+y€limplythaty €.

= «“A subset I of S is the kernel of a
homomorphism iff I is a k-ideal.”

EX: The ideal 2N of the semiring (N, max,-) is not a k-ideal,
since max{1,2} =2 € 2N but 1 ¢ 2N
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A congruence relation on a semiring

Arelation p = {(x,y) € S X S}isan on a semiring S if the
following conditions are satisfied:

* (a,a) e pforallac€S;
* (a,b)ep=>(b,a)epforalla,b€S;
* (a,b) e pand(b,c) e p=(a,c) Epforalla,b,cES.

An equivalent relation p is a on asemiring Sifforalla,b,c,d € S,

(a,b), (c,d) € pimplies (a+ c,b + d), (ac, bd) € p.

(a,b) € p implies (c+a,c+ b),(a+c,b + c),(ca,cb), (ac,bc) € p.




THE JACOBSON RADICAL OF A SEMIRING
By SAMUEL BOURNE
INSTITUTE OF ADVANCED STUDY, PRINCETON, NEW JERSEY*
Communicated by H. S. Vandiver, December 18, 1950

1. Introduction.—A semiring is a system consisting of a set .S together
with two binary operations, called addition and multiplication, which forms
a semigroup relative to addition, a semigroup relative to multiplication,
and the right and left distributive laws hold. This system was first in-
troduced by Vandiver.! He also gave examples? of semirings which cannot

be imbedded in a ring. Semirings arise naturally when we consider the set
of endomorphisms of a commutative additive semigroup.?

Our purpose is to generalize the concépt of the Jacobson radical of a ring*
to arbitrary semirings. In section 2 we define the concept of an ideal in a
semiring S and develop the corresponding homomorphism theorem for
semirings. In section 3 we extend the definition of the Jacobson radical
to arbitrary semirings, and in section 4 we obtain some properties of the
Jacobson radical of a semiring. We conclude with a consideration, in sec-
tion 5, of the Jacobson radical of matrix semiring S,.

This paper has profited greatly from discussion with C. A. Rogers, a
colleague of mine at the Institute.

2. The Homomorphism Theorem.—We shall assume that the additive
semigroup of S is commutative and that S possesses a zero element. The
latter assumption is not vital in the sense that if S lacked a zero element, we
can easily adjoin one to S.

Definition 1: An ideal of S is a subset I of .S containing zero such that
if 4, and 4 are in I, then 4, + 42 isin I, and if 2 is in , and s is any element
of S, then is and s¢ are in I.

We shall say that s, is equivalent to s; modulo the ideal 7, if there exist
elements ; and 4, of the ideal I such that s; + 4; = s» + 4,. This definition
is a translation to the additive notation of one given by Dubreil® for a mul-
tiplicative semigroup. This relationship is obviously an equivalence.
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Bourne’s relation
(S, +,-)-a additively comm. semiring with absorbing zero
I- anidealof Sands,t €S

s~tes+i=t+jforsomei,j €l
Ss+l=t+1
Then ~is a congruence relation on S.

Clearly, ~ is a equivalence relation on S.
Let (a,b),(c,d) E~.Thena+i; =b+j,andc+i, =d +
Jo forsome iy, i5,j1,j2 € I. We have
(a+ip)+(c+iz)=(b+j1)+(d+)2)
(a+c)+iy+i,=(Mb+d) +j; +j,
(a+i)(c+iz)=(b+j1) (d+)2)
ac + ;¢ + ai, + i1i, = bd +j; d + bj, + 1>
Then (a+ ¢, b+ d), (ac, bd) €~.
Now, ~ is a congruence relation on S.

S/1 = {[s]. | s € S} the set of all cong. classes.

Clearly, (S/I,+,") is a semiring.




Bourne’s relation (1951)

/6\ . Department of Mathematics
\ / MATH Faculty of Science, Chiang Mai University
Conference on RECENT TRENDS IN

ALGEBRA AND RELATED TOPICS
January 19-20, 2023 via Application Zoom )

“A subset I of S is the kernel of a homomorphism iff I is a k-ideal.”

Theorem: Let ¢: S — T be a semiring hom. Then kerg is
a k-ideal of S.

Pf:Lets € S,a, b € ker¢g. We have
¢(a+b) =¢@(a)+ ¢(b) =07 + 07 = 0.
p(as) = p(a)e(s) = 0r@(s) = 0.
@(sa) = p(s)p(a) = ¢(s)0r = Or.
Assume that s + a = b. Then
0r = @(b) = (s + a) = p(s) + p(a) = p(s) + 07 = @(s).

Therefore, s € Kerg.

Now, kerg is a k-ideal of S.

Theorem: Let I be a k-ideal of S. The function ¢:S - S/1I
defined by ¢@(s) = [s]. isahom. and I = Kker¢.
a€l=>a+0=0+a
= [a]. = [0]-

[a]l.=[0].2a+i=0+j=j 3Fi,jel
=>a€l, (~lisak —ideal)
Now, a € [ iff [a]. = [0]. .

Therefore,

kerp = {a € S| ¢(a) = [a]. = [0].}
={a€eS|la€el}
=1.
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Additively inverse semirings

o An element a of a semiring S is called ifa=a+b+a,3b ES.
o Ifbisuniqueand b = b + a + b, then b is called the of a.

b is usually denoted by a’

Internat. J. Math. & Math. Sci.

347
VOL.. 15 NO. 2 (1992) 47-18n

A semiring S is called additively

ON K-IDEALS OF SEMIRINGS regular if ais addltlvely regular for
- all a € S.

Department of Pure Mathematics
Calcutta University
35, Ballygunge Circular Road
Calcutta - 700 019 India

and

A semiring S is called additively
N inverse if a has a’ for all a € S.

University of Burdwan
Golapbag, Burdwan
West Bengal, India

M.R. ADHIKARI

(Received December 21, 1990)
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A ring congruence of a semiring

A relation p = {(x,y) € S X S}isan on a semiring S if the
following conditions are satisfied:

* (a,a) e pforallac€S;

* (a,b)ep=>(b,a)epforalla,bES;

* (a,b)epand(b,c)ep=(ac)epforallab,ccES.

An equivalent relation p is a on asemiring Sifforalla,b,c € S,

(a,b) € p implies(c+a,c+ b),(a+c,b + c),(ca,ch), (ac, bc) € p.

A congruence relation p on a semiring S is called a if the quotient
semiring S/p is a ring.
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Full k-ideals of semirings

An element e of a semiring S is called an of Sife+ e =ce.

The set of all additively idempotent elements of a semiring S is

Et(S)={xeS|x+x=x}

A k-ideal A of a semiring S is a of Sif ET(S) C A.
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Theorem A.

Let A be a full k-ideal of an additively inverse and commutative semiring S.

Then the relation

pa={(a,b) eESXSla+b' €A}

'S a ring congruence of S. Ais a full k-ideal of S = S§/p, is aring.

Theorem B.

Let p be a congruence relation on an additively inverse and commutative

semiring S such that S/p is a ring. Then there exists a full k-ideal A of S

such that p = py. S/pisaring = p = p, for some a full k-ideal A.



An n-ary groupoid
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is an algebra (S, f) such that f: S™ — S is an n-ary operation on S.

Notation Leti,j,n € Nbesuchthat1 <i <j<n.

Let xq1,X5, X3, ..., Xn, X € Sand A4, 4, A5, ...

A, ACS.

Sequences Representations

where 4 =4, = =4; =4

Xi» Xi+1, ...,x]' xi
X1,X2, ...,x]- .
x/
wherex; = x; = =x;=x
Ai; Ai+11 ;A] A]l
Ay Ay, ..., A v
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An n-ary semigroup

An n-ary groupoid (S, f) is an ifforeach1 <i<j<n,

i—1 i—1 2n—-1Y) _ j-1 n+j—-1 2n—1
Fei ™ f (), x2mt) = £ (78 £ (7Y x 2

forallx/™ 1 € s.
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An n-ary semiring

An is an algebra (S, +, f) such that
o (§,+) is asemigroup;
o (8, f) is an n-ary semigroup;

o foreachl1l <i<n,

f(xiy La+bxly)=f(xy Laxiy)+ f(xi ' bxy)

forallx{, a,b € S.

An n-ary semiring (S, +, f) is an if (S, +) is a commutative group.




6\ e ‘= Department of Mathematics
N J Faculty of Science, Chiang M:

worsoms  MATH

: Conference on RECENT TRENDS IN
s ALGEBRA AND RELATED TOPICS

Let S be an n-ary semiringand ¢ + A C S.

Ideals ‘ Definitions
A+ACA
|deal , ,
(S, A,S") c Aforeach1 <i<n
A+ACc A
k-ideal f(S71,4,8" ) c Aforeach1<i<n
A=A

A ={x€S|x+a€Aforsomea € A}
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Full k-ideals of additively inverse n-ary semirings

An n-ary semiring (S, +, f) is additively inverse
if (S, +) is an inverse semigroup.

An element e of an n-ary semiring S is called an additively idempotent of S
ife+e=e.

The set of all additively idempotent elements of an n-ary semiring S is

E*(S)={xeS|x+x=x}

A k-ideal 4 of an n-ary semiring S is a full k-ideal of S if E*(S) € A.
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An n-ary ring congruence of an n-ary semiring

An equivalent relation p is a on an n-ary semiring S ifforall a,b,c € S,

(a,b) € pimplies(c+a,c+b),(a+c,b+c)Ep

andforeach1 <i <n, xq,x3,..x, €S,

(f(xli_l, a,xy) f(x{ 1 b, xi’il)) € p.

A congruence relation p on an n-ary semiring S is called an
the quotient n-ary semiring S/p is an n-ary ring.
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Full k-ideals and n-ary ring congruences

Theorem A. ( 5

+ P)

Let A be a full k-ideal of an ad/}ﬁively inverse and commutative n-ary semiring S. Then
e W\
9 AN A

pa=1{(a,b) ESXS|a+b €A}

is an n-ary ring congruence of S. Ais a full &ideal of S = S/p, is an n-ary ring.

Theorem B.

the relation

Let p be a congruence relation on an additively inverse and commutative n-ary
semiring S such that S/p is an n-ary ring. Then there exists a full k-ideal A of S such

that p = py.

S/p is an n-ary ring = p = p,4 for some a full k-ideal A.
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Full k-ideals and n-ary ring congruences
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Research article

On n-ary ring congruences of n-ary semirings

Pakorn Palakawong na Ayutthaya and Bundit Pibaljommee*
Department of Mathematics, Faculty of Science, Khon Kaen University, Khon Kaen 40002, Thailand
* Correspondence: Email: banpib @kku.ac.th.

Abstract: In universal algebra, it is well-known that if S is an algebraic structure, then the kind of
algebraic structure of S/p is similar to § where p is a congruence relation on S. In this work, we
study the notion of a full k-ideal A of an n-ary semiring S and construct a congruence relation p on
S with respect to the full k-ideal A in order to make the quotient n-ary semiring S /p to be an n-ary
ring. Moreover, the notion of an A-ideal of an n-ary semiring was studied and connections between an
h-ideal and a k-ideal of an n-ary semiring were investigated.



